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Abstract
We have studied theoretically the space-time evolution of the thermal and electromagnetic perturbation in a superconductor with the linear
current-voltage characteristic in the flux flow regime. On the basis of a linear analysis of a set of differential equations describing small
perturbations of temperature and magnetic field we will found that under some conditions an instability may occur in the sample, which takes
into account an inertial properties of the vortices mass.
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Bean’s critical state with its spatially nonuniform flux distribu-
tion is not at equilibrium and under certain conditions the smooth
flux penetration process becomes unstable [1-5]. The spatial and tem-
poral development of this instability depends on the sample geometry,
temperature, external magnetic field, its rate of change and orienta-
tion, initial and boundary conditions, etc. Instabilities in the critical
state result in flux redistribution towards the equilibrium state and
are accompanied by a significant heat release, which often leads to the
superconductor-to-normal-transition. The basic instability observed
in Bean’s critical state is the flux jump instability, which was discov-
ered already in the early experiments on superconductors with strong
pinning [4].
Let us assume that a small perturbation of temperature or flux
occurring in Bean’s critical state. This perturbation can be caused by
an external reason or a spontaneous fluctuation arising in the system
itself. The initial perturbation redistributes the magnetic flux inside
the sample. This flux motion by itself induces an electric field which
leads to dissipation. This additional dissipation results in an extra
heating which in turn leads to an additional flux motion. This ”loop”
establishes a positive feedback driving the system towards the equi-
librium state. The flux jump instability exhibits itself as suddenly
appearing flux avalanche and Joule heat release [4, 5].
Recently, Chabanenko et all. [6] have reported an interesting phe-
nomenon in their experiments - convergent oscillations of the magnetic
flux arising from flux jump avalanches. The authors argued that the
observed oscillations due to flux avalanches can be interpreted as a
result of the existence of a definite value of the effective vortex mass.
Thus, it is necessary to take into account collective modes, i.e., the
inertial properties of the vortices in studying the dynamics of the flux
avalanches. Prior to the jump, the mixed state of superconductors is
characterized by nonuniformly distributed magnetic induction local-
ized near the surface. As a result of the avalanche, the flux rushes
from either sides of the sample towards the center [6]. Two fronts of
the penetrating flux collide in the center of the sample and, owing to
the existing vortex mass, give rise to the local surplus density of the
magnetic flux that exceeds the value of the external magnetic field.
The repulsion force in the vortex structure at the center of the sample
that have resulted from its compaction, initiates the wave of the vor-
tex density of the inverse direction of propagation. Upon reaching the
surface, this wave is reflected from it. This results in the oscillations
in the vortex system [6]. The limitation of the number of oscillations
observed is caused by the existence of damping. One succeeds in ob-
serving the oscillation of the vortex density only owing to a strong
compression of the vortex structure as a result of the giant avalanche-
flux [6-11].
One important parameter characterizing a quantized vortices is
the effective (intrinsic) mass, which can be associated with its motion
[12-21]. Due to its importance, the concept of the vortex mass was
discussed extensively over the years but remains a controversial issue.
One point of view is that mass plays no role in the dynamics since an
inertial term in the equation of motion of a vortex is always negligi-
ble next to the viscous drag force. Experimentally, the presence of an
inertial term is difficult to detect since at low temperatures vortices
in superconductors are pinned, and if they move at all, their motion
is dominated by viscosity. We are aware of only one such attempt,
with inconclusive results8. It is quite clear that in order to check if an
inertial term plays a significant role in vortex dynamics, one should
realize conditions where the viscous drag force is not dominant. Our
simulations will be performed in a region near the center of the sample
where the currents vanish and this force is small [15].
In the present work, we study the the dynamics of the magnetic
flux avalanches which takes account inertial properties of the vortex
matter. It is shown that at under some conditions vortex instability
can be observed during the flux avalanche process.
Bean [1] has proposed the critical state model which is success-
fully used to describe magnetic properties of type II superconductors.
According to this model, the distribution of the magnetic flux density
~B and the transport current density ~j inside a superconductor is given
by a solution of the equation
rot ~B =
4pi
c
~j. (1)
When the penetrated magnetic flux changes with time, an electric field
~E(r, t) is generated inside the sample according to Faraday’s law
rot ~E =
1
c
d ~B
dt
. (2)
In the flux flow regime the electric field ~E(r, t) induced by the moving
vortices is related with the local current density ~j(r, t) by the nonlinear
Ohm’s law
~E = ~v ~B. (3)
To obtain quantitative estimates, we use a classical equation of motion
of a vortex, which it can derived by integrating over the microscopic
degrees of freedom, leaving only macroscopic forces [21]. Thus, the
equation of the vortex motion under the action of the Lorentz, pin-
ning, and viscosity forces can be presented as
m
dV
dt
+ ηV + FL + Fp = 0. (4)
Here µ is the vortex mass per unit length, ~FL =
1
c
~j~Φ0 is the Lorentz
force, ~Fp =
1
c
~jc~Φ0, η =
Φ0Hc2
c2ρn
is the flux flow viscosity coefficient,
Φ0 = pihc/2e is the magnetic flux quantum, Hc2 is the upper crit-
ical field of superconductor, ρn id the normal state resistivity, jc is
the critical current density [4]. For simplicity we have neglected the
Magnus force, assuming that it is much smaller then the viscous force
(for example, for Nb see, [6]). In the absence of external currents and
fields, the Lorentz force results from currents associated with vortices
trapped in the sample.
In combining the relation (3) with Maxwell’s equation (2), we ob-
tain a nonlinear diffusion equation for the magnetic flux induction
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~B(r, t) in the following form
m
dV
dt
+ ηV = −1
c
Φ0(j − jc), (5)
d ~B
dt
= ∇[~v ~B]. (6)
The temperature distribution in superconductor is governed by
the heat conduction diffusion equation
ν(T )
dT
dt
= ∇[κ(T )∇T ] +~j ~E, (7)
Here ν = ν(T ) and κ = κ(T ) are the specific heat and thermal con-
ductivity, respectively. The above equations should be supplemented
by a current-voltage characteristics of superconductors, which has the
form
~j = jc(T, ~B, ~E).
In order to obtain analytical results of a set Eqs. (5)-(7), we sug-
gest that jc is independent on magnetic field induction B and use the
Bean critical state model jc = jc(Be, T ), i.e., jc(T ) = j0 − a(T − T0)
[1]; where Be is the external applied magnetic field induction, a =
j0/(Tc − T0), T0 and Tc are the equilibrium and critical temperatures
of the sample, respectively, j0 is the equilibrium current density. For
the sake of simplifying of the calculations, we perform our calcula-
tions on the assumption of negligibly small heating and assume that
the temperature profile is a constant within the across sample and
thermal conductivity κ and heat capacity ν are independent on the
temperature profile [5].
We study the evolution of the thermal and electromagnetic pene-
tration process in a simple geometry - superconducting semi-infinitive
sample x ≥ 0. We assume that the external magnetic field induction
Be is parallel to the z-axis and the magnetic field sweep rate B˙e is
constant. When the magnetic field with the flux density Be is ap-
plied in the direction of the z-axis, the transport current δj(x, t) and
the electric field δE(x, t) are induced inside the slab along the y-axis.
For this geometry the spatial and temporal evolution of thermal and
magnetic field perturbations
T = T0 + Θ(x, t),
B = Be + b(x, t),
V = V0 + v(x, t)
(8)
where T0(x), Be(x) and V0(x) are solutions to the unperturbed equa-
tions, which can be obtained within a quasi-stationary approximation;
are described by the following system of differential equations [8, 11]
dΘ
dt
= 2v − βΘ, (9)
µ
dv
dt
+ v = − db
dx
+ βΘ, (10)
db
dt
=
(
db
dx
+ b
)
+
(
dv
dx
+ v
)
, (11)
where we have introduced the dimensionless parameters
µ =
cΦ0
4piη2
Be
2L2
, β =
4pi
c
j2cL
2
ν(Tc − T0)
.
b =
B
Be
=
c
4pi
B
jcL
, Θ =
4pi
c
2ν
B2e
, v = V
t0
L
, L =
c
4pi
Be
jc
.
variables
z =
x
L
, τ =
t
t0
=
cΦ0
4piη
Be
2µ0jcL2
t,
Here L is the magnetic field penetration depth, which is deter-
mined from equation (3)
B(x, t) = Be +
4pi
c
jc(x− L), (12)
with the appropriate boundary conditions
dB(0, t) = Be, B(L, t) = 0. (13)
Assuming that the small thermal and magnetic perturbations has
form Θ(x, t), b(x, t), v(x, t) ∼ exp[γt], where γ is the eigenvalue of the
problem to be determined, we obtained from the system Eqs. (9)-(11)
the following dispersion relations to determine the eigenvalue problem
(γ+β)
d2b
dx2
−[(γ+β)µ−2β] db
dx
+[(µ+1)γ2+[(µ−1)β−µ−1]γ−(µ−1)β]b = 0
(14)
The instability of the flux front is defined by the positive value of the
rate increase Re γ>0. The instability occurs at the condition
The instability of the flux front is defined by the positive value of
the rate increase Re γ>0.
An analysis of the dispersion relation shows that, the grows rate
is positive Re γ>0, if µ > µc = 2 and any small perturbations will
grow with time. For the case when µ < µc, the growth rate is neg-
ative and the small perturbations will decay. At the critical value of
µ = µc, the growth rate is zero γ=0. For the specific case, where µ = 1
the growth rate is determined by a stability parameter β. Thus, the
stability criterion can be written as
β > 1.
For the case, where thermal effects is negligible (β = 1) we may obtain
the following dispersion relation
d2b
dx2
− µ db
dx
+ (γ − 1)(µ+ 1)b = 0. (15)
Seeking for b ∼ exp(ikx) in dispersion relation, the growth rate γ
dependence can be obtained as a functions of wavenumber k.
Fig.1. The dependence of the growth rate on the wavenumber for
µ = 0.1, 0.5, 0.6.
The stability of the system depends on the growth rate, γ, given
in (15). We analyze the growth rate of small perturbations as a func-
tion of wavenumber k. When k < kc = µ the growth rate is positive
and any small perturbations will grow with time. For wave number
k > kc, the growth rate γ is negative. Consequently, the small pertur-
bations always decay. It can be shown that, for wave number k = kc
the growth rate is zero γ = 0. As the wave number approaches zero
k −→ 0 or infinity k −→ ∞ the growth rate approaches γ = 1 and
small perturbations grow with time. As the wave number approaches
unity k = 1 the growth rate is determined by the value of µ
γ =
2µ
µ+ 1
.
2
For µ = 0 the growth rate is zero γ = 0. For µ = 1 the growth rate is
unity γ = 1. Since the growth rate is zero at the critical wave number
and approaches to unity in the limit of zero wave number, there must
exist a wave number in between that maximizes the growth rate. Fig.
(1-4) shows the growing rate, γ, as a function of the wave number k, for
various values mass µ. As the value of µ increases, the corresponding
growth rate increases.
In the present work, we study the spatial and temporal evolution
of small thermal and magnetic perturbation in type-II superconductor
sample in the flux flux regime, assuming that an applied field parallel
to the surface of the sample. On the basis of a linear analysis of a set
of differential equations describing small perturbations of temperature
and magnetic field we will found that under some conditions an insta-
bility may occur in the sample, which takes into account an inertial
properties of the vortices mass.
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Fig.2-4. The dependence of the growth rate on the wavenumber for m = 0.1, 0.5, 0.8.
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